Abstract: Grand Unified Theories (GUTs) usually predict wrong Standard Model (SM) fermion mass relation m e /m µ = m d /m s toward low energies. To solve this problem, we consider the Generalized Minimal Supergravity (GmSUGRA) models, which are GUTs with gravity mediated supersymmetry breaking and higher dimensional operators. Introducing non-renormalizable terms in the super-and Kähler potentials, we can obtain the correct SM fermion mass relations in the SU (5) model with GUT Higgs fields in the 24 and 75 representations, and in the SO(10) model. In the latter case the gauge symmetry is broken down to
Introduction
Supersymmetry naturally solves the gauge hierarchy problem in the Standard Model (SM). The unification of the SU (3) C × SU (2) L × U (1) Y gauge couplings in the supersymmetric SM (SSM) at about 2 × 10 16 GeV [1] strongly suggests the existence of a Grand Unified Theory (GUT). In addition, supersymmetric GUTs, such as the SU (5) [2] and SO(10) [3] models, give us deep insights into the problems of the SM such as charge quantization, the origin of many free parameters, the SM fermion masses and mixings, and beyond. Although supersymmetric GUTs are attractive, it is challenging to test them at the Large Hadron Collider (LHC), the future International Linear Collider (ILC), or other experiments.
In the traditional SSMs, supersymmetry is broken in the hidden sector, and supersymmetry breaking effects can be mediated to the observable sector via gravity [4] , gauge interactions [5, 6] , the super-Weyl anomaly [7, 8, 9] , or other mechanisms. Recently, considering GUTs with gravity mediated supersymmetry breaking and higher dimensional operators [5, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22] and F-theory GUTs with U (1) fluxes [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34] , two of us (LN) proposed the Generalized Minimal Supregravity (GmSUGRA) scenario and studied the generic gaugino mass relations as well as defined their indices [35] . We also generalized gauge and anomaly mediated supersymmetry breaking, and discussed the corresponding gaugino mass relations and their indices [36] .
It is well known that one of the great successes of GUTs is the prediction of the equal Yukawa couplings at the GUT scale for the bottom (b) quark and τ lepton [37] , which yields the correct mass ratio m b /m τ ∼ 2.7 at the low energy if and only if there are only three generations [38, 39] . Alas, it is also well known that GUTs with minimal Higgs content predict the wrong SM fermion mass relation m e /m µ = m d /m s , which is invariant under the renormalization group equation (RGE) running due to the small Yukawa couplings of the first two generations. This problem can be solved via the Georgi-Jarlskog mechanism [40] by introducing Higgs fields in higher dimensional representations in SU (5) models (For generalization for SO(10) models, see Ref. [41] .), via the Ellis-Gaillard mechanism [42] by introducing higher dimensional operators (For generalization in the supersymmetric models with mass generation for the first two families of the SM fermions, see Ref. [43] .), or invoking supersymmetric loop effects [44] . Based on our previous work on SM fermion Yukawa couplings in GmSUGRA [45] , we aim to generate the correct SM fermion mass relations in the SU (5) and SO(10) models.
In this paper, we briefly review GUTs and consider the general gravity mediated supersymmetry breaking. With non-renormalizable terms in the superpotential [42, 43] and Kähler potential, we can obtain the correct SM fermion mass relations m e m s /m d m µ ≃ 1/10 in the SU (5) model with GUT Higgs fields in the 24 and 75 representations, and in SO (10) model where the gauge symmetry is broken down to SU (3) C ×SU (2) L ×SU (2) R ×U (1) B−L , to the flipped SU (5)×U (1) X symmetry [46, 47, 48] , or to SU (3) C ×SU (2) L ×U (1) 1 ×U (1) 2 . Our approach can be considered as the generalizations of the Georgi-Jarlskog and EllisGaillard mechanisms. However, we cannot get realistic SM fermion mass relations in SO(10) models where the gauge symmetry is broken down to the Pati-Salam SU (4) C × SU (2) L × SU (2) R or to the George-Glashow SU (5) × U (1) ′ symmetry. In the traditional Pati-Salam and George-Glashow SU (5) models, we predict m e /m µ = m d /m s . We emphasize that we for the first time use the high-dimensional operators in the Kähler potentail to derive the realistic SM fermion mass relation in GUTs.
This paper is organized as follows. In Section 2, we briefly review four-dimensional GUTs. In Section 3, we explain general gravity mediated supersymmetry breaking. With higher dimensional operators in the super-and Kähler potential, we study the SM fermion mass relations in SU (5)-based models in Section 4. We consider SO(10) models with higher dimensional operators in the super-and Kähler potential in Section 5 and Section 6, respectively. Section 7 contains our conclusion.
A Brief Review of Grand Unified Theories
In this Section we explain our conventions. In supersymmetric SMs, we denote the lefthanded quark doublets, right-handed up-type quarks, right-handed down-type quarks, lefthanded lepton doublets, right-handed neutrinos, and right-handed charged leptons as
, and E c i , respectively. We denote one pair of Higgs doublets as H u and H d , which give masses to the up-type quarks/neutrinos and the down-type quarks/charged leptons, respectively. Moreover, we define tan
the Higgs vacuum expectation values (VEVs).
First, we briefly review the SU (5) model. We define the U (1) Y hypercharge generator in SU (5) as follows
Y gauge symmetry, the SU (5) representations are decomposed as follows
3)
There are three families of the SM fermions whose quantum numbers under SU (5) are
where i = 1, 2, 3 for three families. The SM particle assignments in
To break the SU (5) and electroweak gauge symmetries, we introduce the adjoint Higgs and another pair of Higgs fields whose quantum numbers under SU (5) are
where h ′ and h ′ contain the Higgs doublets H u and H d , respectively.
Next, we briefly review the flipped SU (5)× U (1) X model [46, 47, 48] . The gauge group SU (5) × U (1) X can be embedded into SO (10) . We define the generator U (1) Y ′ in SU (5) as follows
The hypercharge is given by
The quantum numbers of the three SM fermion families under SU (5) × U (1) X are 12) where i = 1, 2, 3. The particle assignments for the SM fermions are
To break the GUT and electroweak gauge symmetries, we introduce two pairs of Higgs fields whose quantum numbers under
14)
where h and h contain the Higgs doublets H d and H u , respectively. The flipped SU (5) × U (1) X model can be embedded into SO (10) . Under the SU (5) × U (1) X gauge symmetry, the SO(10) representations are decomposed as follows
Finally, we briefly review the Pati-Salam model. The gauge group is SU (4) C ×SU (2) L × SU (2) R which can also be embedded into SO (10) . The quantum numbers of the three SM fermion families under
where i = 1, 2, 3. The particle assignments for the SM fermions are
To break the Pati-Salam and electroweak gauge symmetries, we introduce one pair of Higgs fields and one bi-doublet Higgs field whose quantum numbers under 
General Gravity Mediated Supersymmetry Breaking
The supegravity scalar potential can be written as follows [4] 
where D-terms areD 2) and the Kähler function G as well as its derivatives and the metric G j i are
where K is the Kähler potential and W is the superpotential. Since the gaugino masses, supersymmetry breaking scalar masses and trilinear soft terms have been studied previously [35] , we only consider the SM fermion mass relations in this paper. We consider the following Kähler potential
and superpotential
where M * is the fundamental scale, Φ is the GUT Higgs field, and S is a SM singlet Higgs field.
After the scalar components of the chiral superfields Φ and S acquire vacuum expectation values (VEVs), we get the general superpotential and Kähler potential
where
Because S is a SM singlet, it can acquire a VEV close to the fundamental scale M * . Thus, S /M * can be close to 1 in principle. In short, the realistic SM fermion mass relations can be produced via these non-renormalization terms in the superpotential and Kähler potential [42, 43] . In particular, for the first time we obtain the correct SM fermion mass relation in GUTs via the high-dimensional operators in the Kähler potential.
SU(5) Models
With non-renormalizable terms in the super-and Kähler potentials, we generate the suitable SM fermion mass ratio m e m s /m µ m d in the SU (5) models. Before discussing the details, we summarize the realistic SM fermion mass relations at the GUT scale. Using low energy electroweak data, an effective universal supersymmetry breaking scale of M S = 500 GeV, and two-loop RGE running for the SM gauge couplings and Yukawa couplings, we obtain the SM fermion mass ratios at the GUT scale for the down-type quarks and charged leptons [50] :
Due to the small Yukawa couplings this leads to the following RGE running invariant SM fermion mass relation for the first two generations
For comparison, standard mass ratios at the GUT scale are [40] 
which gives the RGE running invariant SM fermion mass ratio
Non-Renormalizable Terms in the Superpotential
In this subsection, we study new contributions to the SM fermion Yukawa couplings from higher dimensional operators in the superpotential. To obtain the possible higher dimensional operators for the Yukawa couplings, we need to consider the decompositions of the tensor products for the SM fermion Yukawa coupling terms [49] 10
Because the Higgs fields in the 126, 126 and 175 ′ do not have the
, we do not consider them in the following discussions. Thus, we only consider the Higgs fields in the 24 and 75 representations.
For simplicity, we assume that the masses of the first generation are dominanted by non-renormalizable terms, while the masses of the second generation are generated as in the usual GUTs. Then we have the following Yukawa coupling terms for the first generation
where c 1 ≈
which is at the order of the electron and down quark masses. After electroweak symmetry breaking, choosing c 2 ≈ 12c 1 , we can obtain the correct RGE running invariant SM fermion mass ratio at the GUT scale
Higgs Field in the 75 Representation.
The VEV of the 75 dimensional Higgs field Φ
[ik]
jl can be written as follows [10] 
We consider the following superpotential for the additional contributions to the SM fermion Yukawa coupling terms
jl acquires a VEV, we obtain the Yukawa coupling terms in the superpotential
Similarly to the Georgi-Jarlskog mechanism [40] , we can get the realistic SM fermion mass relation. After imposing some discrete symmetry, we can generate the following superpotential
For not too large tan β and
MeV. Thus, we get the following mass matrices for (e, µ) and (d, s) after electroweak symmetry breaking 
Non-Renormalizable Terms in the Kähler Potential
In this subsection, we study the new contributions to the SM fermion Yukawa couplings arising from higher dimensional operators in the Kähler potential. The realistic SM fermion mass ratios can also be produced by the non-minimal Kähler potentials. In order to construct gauge invariant higher dimensional operators, we need the decompositions of the following tensor products5
Thus, the adjoint Higgs field can give additional contributions to the kinetic terms for both F ′ i and f ′ i , while the Higgs field in the 75 representation can only give an extra contribution to the kinetic term of F ′ i . For the non-minimal Kähler potential, the kinetic terms relevant to e, µ, d, s are
With the simple SM fermion Yukawa coupling terms for the charged leptons and down-type quarks
we obtain their masses after electroweak gauge symmetry breaking
Here m i DE = y DE i H d are universal for the down-type quarks and charged leptons in each generations. In this work, we assume that each normalization factor Z Φ is positive. .7) and (4.8). Thus, we obtain the following normalizations for the SM fermion kinetic terms
25)
30)
where i is the family index. Thus, we can obtain the correct SM fermion mass ratio
Here we normalize 33) with no summation on the family index i. For instance, we can choose
(B) Higgs Field in the 75 Representation.
Next, we consider the Higgs field Φ
[ij]
kl in the 75 representation. Because the Higgs fields Φ 24 and Φ [ij] kl belong to the decomposition of the tensor product 10 × 10, their VEVs must be orthogonal to each other. Thus, we obtain the VEV of Φ [ij] kl in terms of the 10 × 10 matrix
So we obtain the normalizations for the SM fermion kinetic terms
where 39) and i denotes the family index. The realistic SM fermion mass ratio emerges as
Here we normalize 41) with no summation on the family index i. For example, we can choose b 2 = 1 while b 1 ≈ 1.
SO(10) Models with Non-Renormalizable Superpotential Terms
In the SO(10) model, the gauge symmetry can be broken directly down to the Pati-Salam
, and the flipped SU (5) × U (1) X symmetry. For the last two cases, the gauge symmetry can be further reduced to the
symmetry. In the Pati-Salam models and Georgi-Glashow SU (5) × U (1) ′ models without further gauge symmetry breaking, the masses for the down-type quarks and charged leptons are the same. Thus, we cannot obtain the correct SM fermion mass relations when we break the SO(10) gauge symmetry down to the SU (4)
To be concrete, we shall also study these two scenarios in details.
There are several kinds of the renormalizable Yukawa coupling terms for the SM fermions in the SO(10) models. For example, we can introduce the Higgs fields in the 120 or 126 representation to obtain additional contributions to the SM fermion Yukawa couplings. In this paper, we only consider the simplest Higgs fields 1 H i 10 (i = 1, 2) in the SO(10) fundamental representation. The renormalizable terms in superpotential give the tree-level mass relations
after the Higgs fields H i 10 acquire VEVs. Due to the arbitrariness in neutrino sector, we will not discuss the mass ratios for u i and ν i here. We only consider the SM fermion mass ratio m e m s /m µ m d .
There are several ways to improve such mass ratio. For example, one can introduce additional higher representation Higgs fields to generalize the Georgi-Jarlskog mechanism in SU (5) models [40] and Georgi-Nanopoulos mechanism in the SO(10) models [41] . In this work, we generate the realistic SM fermion mass ratio in the GmSUGRA, i.e. in the simple SO(10) model with higher dimensional operators in the super-and Kähler potentials. In this Section, we discuss the effects of non-renormalizable terms in the superpotential on the SM fermion mass relations.
To obtain the non-renormalizable contributions to the SM fermion Yukawa coupling terms, we need to know the decompositions of the tensor product 16 ⊗ 16 ⊗ 10 [49]
Because the 945 and 1050 representations do not have SU (5)×U (1) or SU (4) C ×SU (2) L × SU (2) R singlets [49] , we only consider the Higgs fields in the 45, 54 and 210 representations.
The Pati-Salam Model
The SO(10) gauge symmetry can be broken down to the Pati-Salam SU (4) C × SU (2) L × SU (2) R symmetry by giving VEVs to the Higgs fields in the 54 and 210 representations.
We can write the VEV of the Higgs field Φ 54 as
which is normalized to c = 1.
To calculate the additional contributions to the Yukawa coupling terms, we consider the following superpotential
After Φ 54 acquires a VEV, we obtain the additional contributions to the SM fermion Yukawa coupling terms
Thus, the extra contributions to all the SM fermion Yukawa couplings are the same, and then we cannot explain the SM fermion mass ratio. The VEV of the Φ 210 Higgs field can be written as
which is normalized to c = 2. We consider the following superpotential
It is easy to show that the above superpotential will not contribute to the SM fermion Yukawa coupling terms. In short, we cannot obtain the realistic SM fermion mass relation since the Pati-Salam gauge symmetry is not broken. This problem can be solved by introducing additional renormalizable Yukawa coupling terms involving the higher representation Higgs fields.
The
The SO(10) gauge symmetry can also be broken down to the 
For the Higgs field Φ 45 in the 45 representation, the VEV can be written as
which is normalized as c = 1.
To calculate the additional contributions to the SM fermion Yukawa coupling terms, we consider the following superpotential
However, the above superpotential will not contribute to the SM fermion Yukawa coupling terms. For the Higgs field Φ 210 in the 210 representation, the VEV is
with normalization c = 2. We consider the following superpotential
After Φ 210 acquires a VEV, we obtain the additional contributions to the SM fermion Yukawa coupling terms
Similar to the Georgi-Jarlskog mechanism in SU (5) models [40] and Georgi-Nanopoulos mechanism in SO(10) models [41] , we can explain the SM fermion mass ratio. After imposing some discrete symmetries, we can generate the following superpotential Diagonalizing the mass matrices for a ≪ b, we can get approximately the RGE running invarian SM fermion mass ratio
The SO(10) gauge symmetry can be broken down to the Georgi-Glashow SU (5) × U (1) ′ symmetry by giving VEVs to the Higgs fields in the 45 and 210 representations. For the Higgs field Φ 45 in the 45 representation, we can write the VEV in terms of the 10 × 10 matrix
where the normalization is c = 1. Using the conventions in [51] we obtain the non-zero components
To calculate the additional contributions to the SM fermion Yukawa couplings, we consider the following superpotential
Note that 120 is anti-symmetric representation, the h ′i term will not contribute to the SM fermion Yukawa couplings. After Φ 45 acquires a VEV, we obtain the additional contributions to the Yukawa couplings
These terms are the same for the down-type quarks and charged leptons, so we cannot realize the correct SM fermion mass ratio. For the Higgs field Φ 210 in the 210 representation, we can write the VEV in terms of the 16 × 16 matrix as follows
where the normalization is c = 2. This VEV can be written in components as follows
We consider the following superpotential
After Φ 210 acquires a VEV, we obtain the additional contributions to the SM fermion Yukawa couplings
In summary, we cannot obtain the realistic SM fermion mass relations in this case since the SU (5) gauge symmetry is not broken. This problem can be solved by introducing additional renormalizable Yukawa coupling terms involving the higher representation Higgs fields.
The Flipped SU (5) × U (1) X Model
The discussion for the flipped SU (5)×U (1) X model is similar to that of the Georgi-Glashow SU (5) × U (1) ′ model except that we make the following transformations
( 5.25) Therefore, for the Higgs field in the 45 representation, we obtain the additional contributions to the SM fermion Yukawa couplins
These contributions are the same for the down-type quarks and charged leptons, we cannot realize the correct SM fermion mass ratio. For the Higgs field in the 210 representation, we have
Similarly to the Georgi-Jarlskog and Georgi-Nanopoulos mechanisms or to our previous discussion, we can generate the following correct SM fermion mass ratio
The SO(10) gauge symmetry can be broken down to the 29) which is normalized to c = 1. It can also be written in components as follows
After Φ 45 acquires a VEV, we obtain additional contributions to the SM fermion Yukawa couplings
Since these terms are universal, we cannot obtain the correct SM fermion mass ratio, and the same result holds for the intermediate flipped SU (5) × U (1) X model. Second, for the Higgs field Φ 54 in the 54 representation, we can write the VEV in the 10 × 10 matrix form as follows 33) which is normalized to c = 1. We consider the following superpotential
After Φ 54 acquires a VEV, we obtain the additional contributions to the SM fermion Yukawa couplings
Once again, we cannot get the realistic SM fermion mass ratio, and the same result holds for the intermediate flipped SU (5) × U (1) X model. Third, we consider that the (24, 0) component of the Higgs field Φ 24 210 in the 210 representation obtains a VEV. We can write its VEV in the 16 × 16 matrix as follows We consider the following superpotential
After Φ 24 210 acquires a VEV, the additional contributions to the SM fermion Yukawa couplings are
Thus, similarly to the Georgi-Jarlskog mechanism, we can realize the correct SM fermion mass ratio. The same result holds for the intermediate flipped SU ( We consider the following superpotential
After Φ 75 210 acquires a VEV, we obtain the additional contributions to the Yukawa couplings
Again, similar to the Georgi-Jarlskog and Georgi-Nanopoulos mechanisms, we can obtain the correct SM fermion mass ratio. However, in this case, we cannot get the realistic SM fermion mass ratio in the intermediate flipped SU (5) × U (1) X model.
SO(10) Models with Non-Renormalizable Terms in the Kähler Potential
In this Section, we shall study the new contributions to the SM fermion Yukawa couplings from higher dimensional operators in the Kähler potential in the SO(10) model. Normalizing the Yukawa couplings
we obtain the masses for the charged leptons and down-type quarks after electroweak symmetry breaking, which are given in Eq. (4.24) . In order to construct gauge invariant higher dimensional operators in the Kähler potential, we need to decompose the tensor product of 16 ⊗ 16 as follows 
with the normalization c = 2. This leads to the wave function normalization of the SM fermions
From these, we cannot obtain the suitable SM fermion mass ratio.
The SO(10) gauge symmetry can be broken down to the 
First, we consider the Higgs field Φ 45 in the 45 representation. The VEV of Φ 45 can be written in terms of the 16 × 16 matrix as follows 6) which is normalized as c = 2. Then, the wave function normalization for the SM fermions is
Thus, we can obtain the correct SM fermion mass ratio
Here we normalize 10) which is normalized as c = 2. Thus, the wave function normalization for the SM fermions is
So we can obtain the realistic SM fermion mass ratio 13) with no summation on the family index i. For instance, we can choose b 1 = 3 while b 2 ≈ 3.
The SO(10) gauge symmetry can also be broken down to the SU ( First, we consider the Higgs field Φ 45 . From Eq. (6.14), we obtain the VEV of Φ 45 in terms of the 16 × 16 matrix 15) which is normalized as c = 2. Consequently, we obtain the wave function normalization in the Georgi-Glashow SU (5) × U (1) ′ and flipped SU (5) × U (1) X models:
We cannot obtain the correct SM fermion mass relation in the symmetry breaking chain from SO(10) down to the Georgi-Glashow SU (5)× U (1) ′ gauge symmetry since SU (5) is not broken.
•
In the symmetry breaking chain from SO(10) to the flipped SU (5) × U (1) X gauge symmetry, we can get the realistic SM fermion mass ratio
Here we normalize 19) with no summation on the family index i. We can choose b 1 = 3 while b 2 ≈ 3.
(B) Higgs Field in the 210 Representation.
We consider the Φ 210 Higgs field, the VEV of which is orthogonal to that of the Φ 45 20) and is normalized as c = 2. So we obtain the wave function normalizations for the SM fermions in the Georgi-Glashow SU (5) × U (1) ′ and flipped SU (5) × U (1) X models:
• The Georgi-Glashow SU ( Thus, we cannot obtain the suitable SM fermion mass relation in the symmetry breaking chain from the SO(10) gauge symmetry down to the Georgi-Glashow SU (5) × U (1) ′ gauge symmetry since the SU (5) gauge symmetry is not broken.
• The Flipped SU ( Here we normalize 24) with no summation on the family index i. For instance, we can choose b 2 = 1 while b 1 ≈ 1. 
Conclusion
Grand Unified Theories (GUTs) usually predict wrong Standard Model (SM) fermion mass relations, such as m e /m µ = m d /m s , toward low energies. Based on our previous work on the SM fermion Yukawa couplings in the GmSUGRA scenario with the higher dimensional operators containing the GUT Higgs fields, we studied the SM fermion mass relations. In particular, for the first time we generate the realistic SM fermion mass relation in GUTs by considering the high-dimensional operators in the Kähler potential.
